A full Lagrangian method (FLM) is used in direct numerical simulations (DNS) of incompressible homogeneous isotropic and statistically stationary turbulent flow to measure the statistical properties of the segregation of small inertial particles advected with Stokes drag by the flow. Qualitative good agreement is observed with previous kinematic simulations (KS) (IJzermans, Meneguz & Reeks, J. Fluid Mech., vol. 653, 2010, pp. 99-136): in particular, the existence of singularities in the particle concentration field and a threshold value for the particle Stokes number St above which the net compressibility of the particle concentration changes sign (from compression to dilation). A further KS analysis is carried out by examining the distribution in time of the compression of an elemental volume of particles, which shows that it is close to Gaussian as far as the third and fourth moments but nonGaussian (within the uncertainties of the measurements) for higher-order moments when the contribution of singularities in the tails of the distribution increasingly dominates the statistics. Measurements of the rate of occurrence of singularities show that it reaches a maximum at St ∼ 1, with the distribution of times between singularities following a Poisson process. Following the approach used by Fevrier, Simonin & Squires (J. Fluid Mech., vol. 553, 2005, pp. 1-46), we also measured the random uncorrelated motion (RUM) and mesoscopic components of the compression for St = 1 and show that the non-Gaussian highly intermittent part of the distribution of the compression is associated with the RUM component and ultimately with the occurrence of singularities. This result is consistent with the formation of caustics (Wilkinson et al. Phys. Fluids, vol. 19, 2007, p. 113303), where the activation of singularities precedes the crossing of trajectories (RUM).
A full Lagrangian method (FLM) is used in direct numerical simulations (DNS) of incompressible homogeneous isotropic and statistically stationary turbulent flow to measure the statistical properties of the segregation of small inertial particles advected with Stokes drag by the flow. Qualitative good agreement is observed with previous kinematic simulations (KS) (IJzermans, Meneguz & Reeks, J. Fluid Mech., vol. 653, 2010, pp. 99-136) : in particular, the existence of singularities in the particle concentration field and a threshold value for the particle Stokes number St above which the net compressibility of the particle concentration changes sign (from compression to dilation). A further KS analysis is carried out by examining the distribution in time of the compression of an elemental volume of particles, which shows that it is close to Gaussian as far as the third and fourth moments but nonGaussian (within the uncertainties of the measurements) for higher-order moments when the contribution of singularities in the tails of the distribution increasingly dominates the statistics. Measurements of the rate of occurrence of singularities show that it reaches a maximum at St ∼ 1, with the distribution of times between singularities following a Poisson process. Following the approach used by Fevrier, Simonin & Squires (J. Fluid Mech., vol. 553, 2005, pp. 1-46) , we also measured the random uncorrelated motion (RUM) and mesoscopic components of the compression for St = 1 and show that the non-Gaussian highly intermittent part of the distribution of the compression is associated with the RUM component and ultimately with the occurrence of singularities. This result is consistent with the formation of caustics (Wilkinson et al. Phys. Fluids, vol. 19, 2007, p. 113303) , where the activation of singularities precedes the crossing of trajectories (RUM).
Introduction
There have been numerous studies devoted to the segregation of particles/droplets in turbulent flows, given its relevance in many environmental and industrial processes (warm rain initiation Shaw 2003 and the formation and growth of PM10 particulates in the atmosphere being just two of a multitude of examples). The early studies of segregation showed it to be a maximum when St ∼ 1, St being the particle Stokes number defined as the ratio of particle response time to the time scale of the small † Email address for correspondence: elena.meneguz@ncl.ac.uk
Statistical properties of particle segregation in homogeneous isotropic turbulence 339 scales of the turbulence. Along with this went the now traditional view that depending upon St, particles are centrifuged out of regions of high vorticity into the highstrain regions in between (e.g. Maxey 1987; Crowe, Chung & Troutt 1993; Wang & Maxey 1993) . Since these early studies, the problem has been addressed from a number of different perspectives which have not only added insight but challenged this traditional picture of segregation and the role of particle inertia. Chen, Goto & Vassilicos (2006) and Coleman & Vassilicos (2009) have demonstrated for instance that there exists a strong correlation between the segregation of inertial particles and the location of zero-acceleration points in DNS of turbulent flows when the Reynolds number is high. Similarly, in kinematic simulations (KS) where the sweeping of small scales by large scales does not exist, they have suggested that heavy particles anti-cluster with zero-velocity points (Chen et al. 2006) . Some authors (e.g. Abou El-Azm Aly & Nicolleau 2008) have used the shape evolution of sets of particles in geometrical structures to study its dependency on the Reynolds number. Recently, Wilkinson et al. (2007) proposed an alternative viewpoint of segregation for St 1, involving the history of the particles' compressibility and the accumulation of high concentrations (singularities) within an envelope of caustics where particle trajectories cross one another. The occurrence of crossing trajectories is also an important feature of the recent studies of Fevrier, Simonin & Squires (2005) and Masi et al. (2010) , in which they partitioned the particle motion into a spatially random uncorrelated motion (RUM) and a mesoscopic motion derived from a smoothly varying particle velocity field which is responsible for the spatially correlated part of the particle motion. By measuring the spatial velocity correlation between pairs of particles, they were able to calculate the contributions the RUM and the mesoscopic velocity field make to the particle's turbulent kinetic energy, and how these varied with St. Sling-shot events measured by Falkovich & Pumir (2007) and Ducasse & Pumir (2009) are also associated with singularities and RUM as they embody the idea of a particle's accumulated memory of many encounters with turbulent structures similar to the influence of memory on compressibility. Using their indirect Lagrangian method (ILM), they tracked the evolution of the inverse deformation tensor associated with the particle velocity field along each particle trajectory which required the integration of the particle velocity gradient tensor. In contrast to the approach we present, their equations are explicitly nonlinear and singularities are not detected smoothly but their existence inferred by the change of sign of all the components of the velocity tensor whenever this exceeds a certain threshold value. This paper is organized as follows. Section 2 is a follow on of a previous study (IJzermans, Meneguz & Reeks 2010) , which used the so-called full Lagrangian method (FLM) to measure the compressibility of an elemental volume of particles in KS of incompressible isotropic turbulent flow. In that work, a number of important features of segregation were revealed, which we believe are common to segregation in all random incompressible flows including DNS. Thus, one of the objectives of this work was to test this conjecture by carrying out a similar analysis in other flows generated by DNS: in particular, we looked for a threshold value for the particle Stokes number above which the net compressibility of the particle concentration changes sign (from compression to dilation) and for the existence of singularities in the particle concentration field. In this section, we describe the characteristics of the DNS flow field and present the particle equations of motion including those for the particle phase deformation tensor employed in this study. We then present and analyse the results for the net compressibility of the particle phase and the moments of the particle number concentration, comparing them with those we obtained in our previous KS study. In § 3, we extend our previous KS study by examining in detail the statistics of the compressibility of the particle phase and the rate of occurrence of singularities in the particle concentration field. In addition, we explore the relationships between intermittency as reflected in the moments of the particle concentration and the occurrence of RUM, with the aim of providing a more complete understanding of the occurrence of both features. All simulations reported in this section are obtained using a velocity field identical to IJzermans et al. (2010) and described as a series of random Fourier modes with energy distributed according to a Kraichnan energy spectrum, and therefore differing from the multi-scale spectrum employed by Ducasse & Pumir (2009) . Finally, a brief summary and conclusions are given in § 4.
2. FLM measurements of segregation in DNS of homogeneous isotropic turbulence 2.1. Characteristics of flow simulations The three-dimensional incompressible Navier-Stokes equations are solved using a pseudo-spectral method performed on a triply-periodic cubic domain of length L = 2π. To remove the aliasing error so introduced, the so-called '3/2' rule is implemented (e.g. Canuto et al. 1991) . In order to keep the statistically stationary turbulence, forcing is applied in a similar way to Goto (2008) , that is by fixing the magnitude of the Fourier components of the vorticity corresponding to the lowest wavenumbers. Based on a 128 3 grid, we achieve Re λ = 65. Other relevant parameters of the simulation are contained in table 1. Finally, for the discretization in time, we used a fourth-order Lawson scheme which treats the linear terms of the differential equation with exact integration (for the integrating factor, see Canuto et al. 1991 ) and the nonlinear ones with an explicit method (fourth-order Runge-Kutta scheme).
Lagrangian description of the particle phase
We consider a point-particle approach with the dispersed particle phase described as a continuum. Under the assumption that the density of the particle phase is much higher than the density of the carrier flow, that is ρ p /ρ 1, and neglecting Brownian motion and any body force, the equation of motion of heavy particles reduces to
where τ p is the particle relaxation time defined as τ p ≡ 2a 2 p ρ p /9νρ. As previously mentioned (see Osiptsov 2000; Reeks 2004 and Healy & Young 2005) , the FLM is based upon the evaluation of the second-order deformation tensor J ij = ∂x i /∂x 0,j along the particle trajectory defined by (2.1), where x 0 represents Statistical properties of particle segregation in homogeneous isotropic turbulence 341 the position of the centre of the infinitesimally small volume surrounding each particle at some initial time t = 0. The equations of motion of J ij are obtained by differentiating (2.1) with respect to x 0,j , so that
from which we calculate |J| = det(J ij ). As in IJzermans et al. (2010), we are specifically interested in the compression C (t) = ln |J(t)| and the rate of compressionĊ , which we define as the compressibility (noting its equivalence to the divergence of the particle velocity field along a particle trajectory). |J| can be used to calculate the long-term average compressibility Ċ (∞) . In addition, all the spatially averaged moments of the particle number concentration n(x, t) can be calculated by computing the particle average of the moments of |J|, since we have n α = |J | 1−α , ∀α ∈ R, where (·) refers to a volume average and · an ensemble average along all particle trajectories.
An important objective of this work is to calculate the particle-averaged compressibility in a DNS of homogeneous isotropic turbulence and show that it changes sign from negative to positive when the Stokes number increases and crosses a certain threshold value. Another important objective of this work is to show as in the previous KS study that large spikes occur in n α at random indeterminate times in this DNS of turbulence. In particular, we focus on a three-dimensional DNS of homogeneous isotropic turbulence described in the previous subsection. We let the flow run for a few eddy turnover times until it reaches a steady state (corresponding to time t s > 0); only then are inertial particles injected at random positions and with velocity corresponding to that of the fluid. In detail, we release a group of 10 5 heavy particles with a uniform distribution inside a periodic cubic domain of length L = 2π. Trajectories are then computed in time using a fourth-order Runge-Kutta numerical scheme; the velocity of the fluid at the particle position is obtained with a sixth-order polynomial interpolation routine.
To start with, we calculated the spatial average of the moments of the particle number concentration n α as a function of time. For the sake of brevity, we illustrate only the case of St = 0.4 (figure 1a), where St is defined as the ratio between the particle relaxation time and the Kolmogorov time scale of the flow, i.e. St = τ p /τ η .
As we previously observed in our KS (IJzermans et al. 2009 (IJzermans et al. , 2010 , the curves exhibit an exponential trend, and the order of magnitude is proportional to the order of the moment. What is really important to notice is that the DNS calculations reproduce the same features observed with KS, in particular the occurrence of large spikes associated with the existence of singularities.
In figure 1(b) , we plot the long-time limit of the net compressibility, that is
, as a function of three different particle response times which correspond to St = 0.7, St = 1 and St = 4. Clearly, there is a good qualitative agreement between the results in figure 1 and figure 14 of IJzermans et al. (2010) . From a quantitative point of view, we note that the magnitude of the segregation is higher in the case of DNS, this enhancement being most probably due to a broader -even though still limited -distribution of scales. The fact that the segregation goes on indefinitely in time (until the moment of particle collision) is reflected in figure 2 , which for St = 0.5 shows the particle positions on a two-dimensional plane for four different instants of time. picture since the segregation is taking place in a three-dimensional domain and not a two-dimensional one. On the other hand, for higher St how do we explain the positive values of the compressibility in a flow field in which the particles are by observation still segregated? It is clear that an average quantity only provides us with a picture of the net effect between compression/expansion and what effect prevails in the course of time: a positive compressibility -on average -does not necessarily mean that the segregation is zero everywhere. The same applies to negative compressibility. Indeed, the sign of the compressibility can be related to the topological distribution of the particle concentration field: as particles cluster, compression zones appear (in the clusters) at the same time as dilation zones (in the depleted zones). The net balance is therefore not trivial. Furthermore, in any flow field it is possible to obtain positive or negative compression, noting that the value of the compressibility at a given time depends upon a particle's history of encounters with turbulent eddies, not upon the local vorticity or strain rate of the flow at that instant of time (except for St 1). Surprisingly enough, it is possible to achieve a positive net compressibility from a simple straining flow field containing no vorticity (IJzermans et al. 2010) , the net compression depending more upon the relative times that a particle encounters positive and negative straining rates. Chen et al. (2006) have found that in their two-dimensional flow field simulated kinematically, inertial particles cluster regardless of the amount of vorticity and strain in the flow. To summarize, the traditional picture of particles simply expelled from regions of high vorticity into regions of strain might only be an appropriate description in the limit of small St numbers, while, for St 1, other effects could be significant, among which is the fact that particles retain memory of the history of their motion in the flow and with it the occurrence of RUM.
Statistics of compression, singularities and RUM
3.1. Probability density function of the compression We calculated the probability density function (PDF) for the compression C ≡ ln |J|, i.e. P(C , t). Figure 3 shows the evolution of this distribution for St = 0.5, indicating that as time increases it approaches a Gaussian with negative mean as illustrated by the values of the flatness and kurtosis. This result was confirmed by Monchaux, Bourgoin & Cartellier (2010), who used a method based on a Voronoï tessellation to calculate the particle concentration and showed that the distribution of Voronoï areas is log-normal. It is worth noticing that this result is also true for C 0 and St St c , where St c is the critical St for the flow field considered, below which the average compressibility is negative and above which it is positive (see IJzermans et al. 2010) . We believe that the explanation for Gaussianity is similar to that for the occurrence of a Gaussian distribution of displacements (Taylor 1922) , with C (t), the fluctuating value of C (t) about its mean, being in the limit of t ≫ TĊ a summation of changes C in subintervals t (TĊ t t) which are statistically independent of one another (whereĊ is the time derivative of C (t) and TĊ is the integral time scale ofĊ ). The same argument would not apply to the compressibility, which we would expect to be non-Gaussian in general. Note that the occurrence of both positive and negative compression is consistent with our previous remarks that C 0 does not imply that C 0 and vice versa.
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The rate of increase in the width of P(C , t) defines a compression diffusion coefficient FIGURE 3. PDF of occurrence of C (t) for St = 0.5.
whereĊ (t) is the fluctuating component ofĊ (t) with respect to its mean. For t TĊ for whichĊ (t) is a stationary random variable, D(t) approaches an asymptotic limit D(∞) given by
Implicit in this finite limit for D(t) is that for t TĊ ,
This result together with the approach to Gaussianity confirm what was suggested in Reeks (2004) for simple random flows, but now true also for more complex stationary random flow velocity fields, namely that for t TĊ a Gaussian diffusion process, i.e. convection with simple gradient diffusion, accurately describes the dispersion of C (t) as far as processes that depend on the nth central moments of C for n 4; thus, P(C , t) is described by an equation of the form
D(t) has been evaluated in the long-term limit and is shown in figure 4 as a function of Stokes number St. We note that D(∞) is zero for St = 0 and has a maximum when St ∼ 0.3, which as it turns out (within statistical error) is the same value of St for the maximum value of the net compression (IJzermans et al. 2010) . For St > 0.3, the diffusion coefficient decreases monotonically to a constant value very close to zero. The implication of (3.4) in the long term is that convection dominates over dispersion, since
Statistical properties of particle segregation in homogeneous isotropic turbulence 345 In other words, as t → ∞, the compression would contract to a precise value Ċ t about which the statistical fluctuations in proportion would be negligible. However, that is to ignore the influence of the tail of the distribution of P(C ) for C 0, since the results in figure 5 would suggest that
would give β > 0 for n > 2, in contrast with a Gaussian distribution, which would lead to β = −1/2. The significant skewness towards negative compression (segregation) indicates that singularities in the flow are likely to play a significant role in determining the statistics of the segregation in these long-term limits. In this regard, figure 5 shows P(C , t) obtained at t = 25 (see figure 3 ) computed with 10 6 particles and normalized to zero mean and unit variance in order to obtain a universal curve. A Gaussian distribution is superimposed. Although the statistics in the tails are insufficient to draw a positive conclusion, it would appear that the deviation from Gaussianity is more pronounced in the left-hand tail (negative compression) than in the right-hand one. This would seem to indicate that the reason for this behaviour is the occurrence of singularities that only take place for C → −∞. In addition, the decay towards zero of the tail seems to be following an exponential function of the form Y = A exp(BX), where X < 0, therefore diverting from a Gaussian that decays parabolically.
Frequency and probability density function of singularities
The frequency of singularities is calculated as ω s = N s /N max and represents the ratio between the number of singularities per unit of time N s and the total number of particles N max . Each singularity is counted every time there is a change of sign in the compression (ln |J|): in this way, the detection of singularities does not imply the In addition, we have calculated the distribution of singularities over a fixed interval of time respectively for St = 0.5, St = 1 and St = 5, as shown in figure 7. Excluding the influence of an initial transient, when no singularities are observed, each standardized curve representing the PDF is well approximated by a Poisson distribution that describes the probability of the occurrence of an event (singularity) in a specified time span [0, t] as ∼λ t = Λ; λ is the rate constant for the occurrence of singularities. The Poisson process implies that starting from some initial fully mixed equilibrium distribution, the decay in the number of particles that have not experienced a singularity is ∼ exp(−λt).
Compression and compressibility: role of the RUM component
Finally, we extended our investigation to the calculation of the mesoscopic and RUM contributions of the compression in order to give more insight into the role that they individually play in the total distribution, especially in relation to the left-hand tail, as observed in figure 5 . This is obtained as follows. For time t = 30 in dimensionless units, the RUM contribution is evaluated as
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where x i|k is the position of the ith particle found inside the kth cell at the chosen time, and k = 1 . . . n c . In order to collect reliable results, we filter cells and only consider those with n k > 100. We calculate the mesoscopic contribution as
with C denoting the particle-averaged compression calculated all over the domain. Since in (3.7) the RUM component is found as a function of the particle position while in (3.8) the mesoscopic contribution is evaluated per each cell, to make a sensible and effective comparison among the two quantities we need to calculate Ψ (x i|k ), which associates each particle with a certain value of Ψ * (k), depending on the cell in which it is located. As shown in figure 8 for St = 1, both contributions and their summation are compared with the total distribution of C . All distributions are normalized to zero mean and unit variance and rescaled to facilitate the comparison. Two important observations can be made: firstly, the summation of the mesoscopic and RUM components gives a curve collapsing on the PDF of the compression, as expected. Secondly, it is clear (within statistical error) that the deviation from Gaussianity is mainly due to the RUM contribution ultimately linking it with the presence of singularities.
However, while singularities are instantaneous events, RUM intended as the velocity decorrelation between two nearby particles can exist even after a singularity: in other words, while the occurrence of a singularity is a manifestation of RUM, the opposite might not be necessarily true. To verify this statement, at a given time t = 30 we calculated the correlation coefficient of the fluctuating component of the compressibility,Ċ (x) =Ċ (x) −Ċ (x), for each particle pair (i, j) with separation distance r:
We found that calculating this correlation for St > St cr = 0.1 gave scattered and unreproducible results due to the occurrence of singularities which although sporadic and intermittent dominate the statistics. Filtering out these events from the measurements gives the correlation curves shown in figure 9(a), from which we have extracted the zero-correlation component, which is shown as a function of St in figure 9 (b). This would seem to indicate that even though we have excluded singular events, the decorrelation of the compressibility of two nearby particles (the RUM component) is still a significant contribution to the total compressibility for St > St cr , and therefore even when it is not explicitly linked to the onset of singularities.
Conclusions
We have measured the statistics associated with the segregation of inertial particles in a three-dimensional DNS of homogeneous isotropic turbulent flow comparing our results with like measurements in KS of a similar flow but with a smaller range of scales (IJzermans et al. 2010) : with the use of a FLM, we have shown that the qualitative features of the statistics of the particle concentration and compressibility are the same, leading us to suspect that they may be universal features of particle segregation in incompressible random flow fields. The DNS introduced extra characteristics typical of real flows not included in our previous KS flow, such as a broader range of scales (L 0 /η ∼ 37 in comparison with the 'nearly single scale' KS model), vortex stretching and interaction between the Fourier modes. A wider distribution of scales did not significantly alter the results for J(t). The similarity of the DNS and KS results led us to carry out further investigations using KS, which is less computationally intensive than DNS. Taking advantage of this, we have focused on the occurrence of singularities (events for which the particle concentration is very large), measured their frequency and showed that their PDF approximates a
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Poisson distribution whose width depends on St. We also found that singularities are responsible for the deviation of the distribution of the compressibility from the normal trend as well as ultimately related to the RUM contribution as we observed for St = 1. However, by means of calculation of the correlation coefficient of the compressibility, we have found that the increase in RUM for the compressibility follows a similar trend with increasing St as it does for the particle kinetic energy, despite the fact that singularities have been filtered out of the measurements.
